In this paper, we construct the Möbius domain wall fermions (MDWFs) in the Schrödinger functional (SF) scheme for the SU(3) gauge theory by adding a boundary operator at the temporal boundary of the SF scheme setup. Using perturbation theory, we investigate the properties of several constructed MDWFs, including the optimal type domain wall, overlap, truncated domain wall, and truncated overlap fermions. We observe the universality of the spectrum of the effective four-dimensional operator at the tree-level, and fermionic contribution to the universal one-loop beta function is reproduced for MDWFs with a sufficiently large fifth-dimensional extent.
Introduction
Chiral symmetry has played an important role in quantum field theories and in the low-energy physics of Quantum Chromodynamics (QCD). Lattice field theory is a non-perturbative, first-principles framework for quantum field theories, and lattice gauge theory has been successfully applied to describing the low-energy properties of QCD.
Prior to mid-1990s, lattice QCD simulation faced major disadvantages in terms of a lack of chiral symmetry on the lattice arising from Nielsen-Ninomiya's no-go theorem, which implies the impossibility of constructing lattice fermions with chiral symmetry. Fortunately, the situation has changed following the development of theories for several lattice fermion, including: perfect action, 1, 2 domain wall, 3 and overlap fermions. [4] [5] [6] The notion of symmetry in these lattice fermions can be summarized in terms of the Ginsparg-Wilson relation 7 and lattice chiral symmetry.
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Overlap fermions exactly hold lattice chiral symmetry, while domain wall fermions hold an approximate symmetry with a finite extent in the fifth-dimension. Because lattice chiral symmetry is not chiral symmetry, the premise of the no-go theorem is circumvented. Lattice chiral symmetry is associated with benefits found in continuum field theories such as no-fine tuning, no-operator mixing, etc., and an early review on lattice chiral fermions can be found in Refs. 9-11. Although lattice chiral fermion simulation cost is high, large-scale simulations of lattice QCD employing lattice chiral fermions, which can be supported by increasing computer performance, have been carried out in recent years. 12 It is necessary to renormalize the lattice operators in a usual manner. Non-perturbative renormalization schemes are preferable for reducing systematic errors in applications to involving QCD and Standard model calculations; hence, non-perturbative renormalization of lattice chiral fermions schemes have been sought.
Several non-perturbative renormalization schemes applicable to lattice field theories have been developed, including RI-MOM, 13, 14 Schrödinger functional [15] [16] [17] [18] (SF), and Gradient-flow. [19] [20] [21] [22] [23] [24] The SF scheme has been successfully applied for Wilson type fermions to renormalize lattice operators, coupling, and fermion masses, together with the O(a)-improvements. [15] [16] [17] [18] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] The application of the SF scheme to lattice chiral fermions represents a logical next step for extracting their renormalization factors non-perturbatively. The SF scheme employs a finite space-time box with a periodic boundary condition in the spatial directions and a Dirichlet boundary condition in the temporal direction; however the temporal boundary condition contradicts necessary conditions for overlap and domain wall fermions, 36, 37 and it has been explicitly noted that the temporal boundary condition must violate chiral symmetry and the Dirac fermion propagator has a nontrivial anti-commutation relation to γ 5 at the boundary in the continuum theory. 38 Therefore to reproduce the same property as in the continuum theory it is necessary to introduce an appropriate modification reflecting the boundary condition to the lattice chiral fermions. This means that the lattice chiral symmetry becomes nontrivial in the SF boundary condition.
36-38
The SF scheme setup for lattice chiral fermions is formulated in Refs. 36-41. Lüscher investigated chiral symmetry with regarded to the SF boundary condition in the continuum theory and pointed out a condition based on universality arguments under which the lattice chiral fermions could acquire a proper continuum limit, where the overlap fermion operator was modified through an explicit violation of the lattice chiral symmetry at the SF boundary. 38 The universality of the overlap fermion with the SF boundary condition was subsequently investigated perturbatively by Takeda, 39 who, in accordance with the universality argument in Ref. 38 , introduced a boundary term for the domain wall fermion to formulate the SF scheme and investigated the property perturbatively. 40 In this paper, we extend the work done by Takeda 40 to the Möbius domain wall fermions (MDWFs). 42, 43 The MDWF is a generalization of the domain wall fermion involving the truncated overlap fermion, optimal domain wall fermion, and overlap fermion as limiting cases. One motivation for employing the MDWF is to reduce simulation cost through the use of a better approximate lattice chiral symmetry. After tuning the parameters contained in its action, the MDWF requires a smaller extent in the fifth dimension than the standard domain wall fermion (SDWF) with the same approximate lattice chiral symmetry. When the parameters contained in the MDWF action are chosen optimally, which corresponds to the optimal domain wall fermion, lattice chiral symmetry can be realized numerically. Thus, the MDWF enables the performance of simulations under a controlled approximate lattice chiral symmetry in a cost-effective manner. 43, 44 By developing the SF scheme for the MDWF, a class of lattice chiral fermions applicable to the SF scheme can be covered.
To find the boundary operator for the MDWF, it is necessary to identify the boundary term that properly breaks the chiral symmetry at the temporal boundary in the SF scheme. The boundary operator should hold the discrete space-time symmetries C, P, T , and Γ 5 -Hermiticity, but it must break the lattice chiral symmetry at the temporal boundary only. In constructing the boundary term, we observe that the parameters of the MDWF, which depend on the fifth-index, must have parity symmetry in the fifth dimension in order to hold discrete symmetry. In this paper, we investigate the validity of the MDWF with a boundary term constructed by observing the continuum limit of the effective four-dimensional operator at the tree-level and the one-loop beta function perturbatively. Preliminary results of this work have been reported in Refs. 45, 46. The paper is organized as follows. In section 2, we briefly introduce the SF formalism and the boundary condition and give the property of the Dirac propagator under chiral symmetry with the SF boundary condition. 38 Before proceeding to the construction of the MDWF with the SF boundary, we clarify the property of the MDWF in the periodic boundary condition in section 3. The continuum limit of the effective four-dimensional operator 47, 48 is also examined to identify the normalization and the residual mass 49 at the tree-level. Section 4 describes the construction of the MDWF operator with the temporal boundary term in the SF. In section 5, we numerically verify the continuum limit of the effective four-dimensional operator and the propagator of the MDWF with the SF boundary at the tree-level. In a preliminary work, 45 we did not subtract the residual mass at the tree-level, resulting in non-universal behavior at a small extra-dimensional size and discovered that the residual mass must be subtracted to approach the correct continuum limit even at the tree-level. We also investigate the tree-level O(a)-improvement with the PCAC relation. In section 6, we verify the fermionic portion of the universal one-loop beta function and, in section 7, we conclude the paper.
Schrödinger Functional Scheme and Chiral Symmetry
In the Schrödinger Functional (SF) scheme, 15-18 the temporal and spatial extents are finite with lengths T and L, respectively. To enforce consistency with the time evolution of the quantum system, the Dirichlet boundary condition is imposed in the temporal direction. The temporal coordinate x 4 is in [0, T ], while the spatial coordinate is x j ∈ [0, L]. As we focus on the properties of the fermionic fields, we do not explain the details of the gauge field properties in the SF scheme in this paper. We begin with the description of the fermionic fields in the continuum theory. The fermion field ψ(x) in the SF scheme has the following boundary conditions:
with P ± = (1 ± γ 4 )/2. We employ the generalized periodic boundary condition in the spatial direction,
whereĵ is a unit vector in the j-th direction and θ j (j = 1, 2, 3) is a real parameter.
Although the mass-less Dirac propagator with the temporal boundary conditions given in Eqs. (1) and (2) anti-commutes with the γ 5 operator
the mass-less Dirac propagator S(x, y) does not anti-commute with γ 5 as in (5):
This relation implies that a naive chiral symmetry does not hold in the SF scheme.
38
On the lattice, the same SF boundary condition cannot be imposed directly on the MDWF field, as the MDWF is defined on a five-dimensional lattice. One required condition for lattice fermion actions in the SF scheme is that the lattice Dirac propagator should satisfy Eq. (5) in the continuum limit. Several modifications to the lattice chiral fermion actions to reproduce the SF boundary condition are discussed in Refs. 36-38, 40.
Properties of Möbius domain wall fermions in periodic boundary condition
Before introducing the SF scheme for MDWFs, we briefly explain the MDWF properties without the SF boundary condition. For simplicity, the following discussion assumes that the temporal and spatial extents of the lattice box are infinite or finite with periodic boundary conditions. The MDWF operator 42, 43 D MDWF is defined by 
where P L/R = (1 ∓ γ 5 )/2, D W is the four-dimensional Wilson-Dirac operator with a negative mass (−m 0 ), which corresponds to the domain wall height, and m f is the fermion mass. The size in the fifth dimension N 5 is assumed to be an even number, and we use N 5 = 6 to explicitly display the operator in five-dimensional form throughout this paper. The coefficients b j and c j are tunable parameters of the MDWF chosen to optimize the lattice chiral symmetry with a minimum computational cost at a finite N 5 . In this paper, we generally use a = 1 as the lattice spacing "a" while writing a explicitly when dealing with the continuum limit. We employ the MDWF action S q defined by
where Ψ is the five-dimensional fermion field and Φ the Pauli-Villars field.
which eliminates all except the lightest massive mode from the spectrum. Integrating Ψ and Φ out in the path-integral with this action, the fermionic determinant can be expressed 47, 48 as
where
is the effective four-dimensional operator. The explicit form of the effective four-dimensional operator D (N5) eff in terms of the MDWF operator (6) is given by
The permutation and chiral projection matrix P and the restriction vector are defined by
In the periodic or infinite volume case, we can obtain the explicit form for the four-dimensional operator as 42, 43, [50] [51] [52] [53] 
The matrix function R N5 (x) in Eq. (12) is the rational approximation to the signum function The matrix H W in the argument is given by
The coefficients (w j , a 5 ) have the following relation to the MDWF parameters (b j , c j ):
This is one of the parameter choice, as the normalization of H W can be absorbed into the definition of w j . To be specific, we employ the following parametrizations for the Shamir and overlap kernels:
for the Shamir kernel and
for the overlap kernel. We investigate these two kernels throughout the paper. The effective four-dimensional operator in Eq. (12) reduces to the overlap operator in the limit N 5 → ∞ provided by the convergence of the approximation to the signum function with a given (b j , c j ). We can define an effective four-dimensional fermion theory with Eq. (10) at a finite N 5 with the following action;
where ψ is the fermion field on the four-dimensional lattice. We call this theory as the truncated overlap fermion because R N5 (x) in Eq. (13) 
At a finite N 5 , the effective four-dimensional operator D (N5) eff does not satisfy the GW relation owing to the explicit breaking of the lattice chiral symmetry. To investigate the chiral property in the SF scheme at a finite N 5 , this explicit breaking must be taken into account. Taking the continuum limit of Eq. (12) 
There is a residual mass am res in D (N5) eff even at the tree-level with m f = 0.
49
However, the residual mass vanishes in
The analysis in this section is based on the explicit form of the effective fourdimensional operator in Eq. (12) . In the next section we introduce an MDWF operator for the SF scheme by modifying Eq. (6) . Although the normalization Z of Eq. (21) and the residual mass am res of Eq. (22) are obtained in the periodic boundary condition, we use these to renormalize the modified MDWF operator with the SF boundary condition at the tree-level.
Möbius domain wall fermions with the Schrödinger functional boundary condition
The SF scheme is defined in a finite four-dimensional box in which the lattice extents in the spatial and temporal directions are N S = L/a and N T = T /a, respectively. The lattice index in the spatial direction n k , k = 1, 2, 3 covers 0, 1, · · · , N S −1, while the temporal index n 4 covers 1, 2, · · · , N T − 1. The fields at n 4 = 0 and n 4 = N T are fixed using the Dirichlet boundary conditions (1) and (2) . According to the universality argument given by Lüscher 38 and the realization of the SF scheme for the standard domain wall fermion by Takeda, 40 we modify the MDWF operator in Eq. (6) by adding a boundary operator B SF as follows:
The boundary operator B is defined by
The temporal hopping terms from n 4 = 0 and n 4 = N T in the Wilson-Dirac operator contained in Eq. (24) are set to zero as the SF boundary condition. The operators in the action Eq. (8) are replaced with Eq. (24) in the SF scheme. Hereafter we omit the superscript SF on the operator in the SF scheme to simplify the notation. B SF has supports only at n 4 = 1 and N T − 1, and explicitly violates the domain wall chiral symmetry 54 at these points; we expect, however, that the lattice chiral symmetry is still maintained in the bulk region. The coefficient c SF is a nonzero parameter for removing the O(a)-discretization error from the boundary effect. Although the form of B SF is a naive extension of Takeda's realization, we require its parity symmetry in the fifth-direction to maintain the discrete symmetries, C, P, T and Γ 5 -Hermiticity. Although this parity symmetry is not required in the periodic boundary or infinite extent cases, it seems to be of theoretical benefit in the analysis of the corresponding operator and action.
42, 54-57
The effective four-dimensional operator for Eq. (24) is defined by Eq. (10); however, we could not extract a simple short form for the effective four-dimensional operator similar to Eq. (12) . As seen from Eq. (12), the ordering of b j and c j are irrelevant in the periodic or infinite volume cases but affect the form of the effective four-dimensional operator in the SF scheme, i.e., a different choice for the ordering yields a different effective operator. This ordering dependence must disappear in the continuum limit, as the SF scheme is regularization independent.
At a finite N 5 , the degree of freedom required for b j and c j to optimize the lattice chiral symmetry with the SF boundary is halved from that without the SF boundary as a result of the parity symmetry constraint. Therefore, we cannot use the optimal choices for b j and c j as given, e.g., by Chiu.
53 Choices for the coefficients are given in Refs. 55, 56 and optimal coefficients with the parity constraint are formulated in Ref. 58 . Instead of the optimal coefficients, however, we employ quasi-optimal coefficients in which the half-order (N 5 /2) coefficients from the Zolotarev optimal coefficients 53, 59 are duplicated to construct the N 5 coefficients. The property of quasi-optimal choice was surveyed in our previous study, 45 in which we checked that the discrepancies between quasi-optimal and optimal coefficients 58 were small for N 5 > ∼ 10.
Although we cannot extract the rational approximation R N5 (x) with the boundary term B SF , we assume that the same rational form is valid in the bulk region because the boundary effect becomes small as the temporal extent is increased. For the same reason, we use this form for the normalization Z and the residual mass am res for the SF boundary. The choice of coefficients b j and c j is still important to maintain the lattice chiral symmetry in the bulk region; to determine the corresponding values of the coefficients from the approximation range for the signum function, we use the spectrum of the kernel operator in Eq. (14) with the Wilson-Dirac fermion operator D W satisfying the SF boundary condition.
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Tree-Level Analysis of Möbius Domain Wall Fermions with the SF boundary condition
In this section, we investigate the properties of the effective four-dimensional operator built with the MDWF with the SF boundary term in Eq. (24) at the tree-level. The spectrum, temporal structure of the GW relation, and propagator are all investigated at the tree-level. After checking the universality to the continuum limit, we will examine the fermionic contribution to the one-loop beta function in the next section. In this paper, we employ the Euclidean form 60 of the Dirac representation 61 for the Dirac gamma matrices. The classical background field induced by the SF boundary gauge field must be incorporated in the analysis with respect to the one-loop beta function. The classical background gauge field 17 is given by
This is induced by the boundary field
for the spatial gauge fields (k = 1, 2, 3) at n 4 = 0 and N T . 17 The standard choices for φ k and φ k defining the SF coupling 17 are
This set of choices induces a nonzero chromo-electric field as the background field. Another choice for the boundary condition is φ k = 0 and φ k = 0, which is useful for analyzing the Dirac propagator analytically in the continuum theory. The effective four-dimensional operator is renormalized using Eqs. (21) and (22) as
In the following, we will investigate the spectrum, the chiral property in the GW relation, and the propagator of the renormalized D q with and without the background field.
Spectrum of the effective four-dimensional operator
In this section, we investigate the spectrum of the Hermitian squared effective fourdimensional operator D † q D q in boxes with N T = N S with and without the nonzero background field. We show that the cases b j = c j = w j correspond to the overlap fermion in the N 5 → ∞ limit. This choice is a nontrivial check to the standard domain wall fermion because c j = 0 is the new structure for the MDWF. The quasi-optimal values for the MDWF parameters (b j , c j ) are determined by specifying the approximation range and the order N 5 /2 of the Zolotarev approximation formula. We use the spectrum of the kernel operator in Eq. (14) to determine the approximation range. We investigate the lowest and highest eigenvalues of the kernel operator with the SF background field and θ = π/5, 62 obtaining
for the Shamir kernel in Eq. (16) and
for the overlap kernel in Eq. (17) from the asymptotic behavior to the continuum limit. The lowest eigenvalue approaches zero as we take the continuum limit by fixing L = aN S as a constant; this means that the approximation to the signum function becomes worse with a fixed (b j , c j ) when the lower spectrum spills over the approximation range in taking the continuum limit. The MDWF parameters b j and c j used in the spectrum test, as obtained from the N 5 = 4 optimal Zolotarev approximation coefficient, are listed in Table 1 . The signum function approximation range and the accuracy of the original coefficients
.00] and |1 − R 4 (x)| < ∼ 0.324, respectively. As seen from Eq. (32), this approximation is valid with N S < 72 in the cases with the SF background field and θ = π/5. The signum function with the parity-symmetric coefficients in the fifth dimension, w j (j = 1, · · · , 8), has an accuracy of |1−R 8 (x)| < ∼ 0.072 (Fig. 1) .
The lowest ten eigenvalues at am res = 0 are shown in Figure 2 as a function of a/L = 1/N S . The boundary coefficient is c SF = 1. The solid circles at a/L = 0 are the eigenvalues in continuum theory. 16, 62 We use Z = 0.99659683271 to normalize Eq. (21) and am cr = −0.0034031673, where am res | am f =amcr = 0 from Eq. (22) .
The spectrum properly converges to the continuum limit even at a smaller N 5 = 8, which supports the use of the normalization in Eq. (21) and residual mass subtraction in Eq. (22) 
Dirac propagator from the effective four-dimensional operator
In this section, the GW relation for the effective operator D q (n, m) and the properties of the propagator S(n, m) ≡ (D q ) −1 (n, m) in the temporal direction are investigated at vanishing spatial momentum and mass. The GW relation violation is measured using
whereD q (n 4 , m 4 ) is the zero-momentum portion of D q (n, m). Figure 3 shows the GW relation violation with the background field, θ = π/5 and the boundary coefficient c SF = 1. We employ the operator c j = b j = w j applying the quasi-optimal approximation, and the approximation range is fixed to x ∈ [0.01, 7 .00] for all N 5 . The gray scale corresponds to log 10 (δ(n 4 , m 4 )). As N 5 increases, the violation in the bulk temporal region vanishes but remains at the temporal boundary as expected. The same behavior is observed for other kernel operators with different parameters.
The Dirac propagator with the SF boundary condition has been analytically obtained in the continuum theory. other hand, in the right panel (4(b)) the propagator with the Boriçi domain wall fermion (b j = 1, c j = 1) [50] [51] [52] does not converge to the continuum line. To check the boundary effect further, we plot the Dirac propagator propagating from m 4 = 2 in Figure 5 . The left panel (5(a)) shows the standard domain wall fermion and is consistent with the continuum limit. The Boriçi domain wall fermion in the right panel (5(b) ) is now consistent with the continuum limit. Although the boundary coefficient c SF can be tuned to eliminate the boundary O(a) error, it is seen from Figure 4 (b) that the discrepancy is not proportional to a and cannot be removed by tuning c SF . We have shown the propagator in the vanishing background field so far, the same behavior is seen on the non-zero background field defined by Eqs. (27) - (29) with η = 0, in which the color degeneracy is resolved.
To better understand the property of the discrepancy, we investigated the ratio of the propagator of the Boriçi domain wall fermion to that under continuum theory and take the continuum limit. We employ c SF = 0.4167, which is determined by the PCAC relation to be described in the next subsection, to eliminate the dominant O(a) error in taking the continuum limit. We also investigate the dependence of the discrepancy on the presence of the background field. Figure 6 shows the time dependence of the ratio of the lattice Dirac propagator to the continuum Dirac propagator. We observe that the discrepancy is almost constant in time and slightly depends on the color index. on the data in < 1/N T = 1/80 without any constraints on the fitting parameters.
The discrepancy converges to a common value (this case 0.7856(6)) irrespective of the spin components, sink time, and the presence of the background field in the continuum limit. We also obtain the same constant value for the other source time m 4 = N T − 1. Figure 8 shows the propagator from the source time at m 4 = N T /20, which is close to the boundary, but the physical distance from the boundary is kept fixed at am 4 = y 4 = T /20. As seen in Figure 8 (a), the propagator with N S = 20 (uptriangles) shows a large deviation from the continuum theory as m 4 = 20/20 = 1, while that with N S = 40 (circles) almost overlaps on the continuum theory. The propagator properly converges to the continuum theory as in Figure 8 (b). We found that this phenomenon, a constant factor discrepancy in the continuum limit remains in the propagator at the surface time slices n 4 = 1 and n 4 = N T − 1 (the interior time surfaces of the SF boundary condition) is common to other MDWFs with c j = 0 we investigated. This strongly suggests the presence of the boundary effect introduced by Eq. (25) . As we put the boundary term B SF at n 4 = 1 and N T − 1 in the MDWF operator, contact terms with B SF and the fermion field operators of the effective four-dimensional theory could exist at the surface time slices. From these observations, we can conclude that a constant renormalization is needed for the propagator touching the surface time slices. This phenomenon has been also observed in the overlap fermion in the SF scheme.
38 A degree of freedom is available to renormalize the boundary operators or fields of the fermion fields. 16, 18, 63, 64 The boundary fields at n 4 = 0 and n 4 = N T in the SF scheme can be renormalized independently from the bulk fermion fields and the renormalization for the boundary fields has been introduced for the overlap fermion in Ref. 38 . We briefly show the definition of the boundary fields in the SF scheme 16, 18, 38, 64 the following. After introducing the definition, we discuss two possibilities for the renormalization on the surface time slices using the boundary fields.
In the SF scheme, instead of the Dirichlet boundary condition (Eqs.
(1) and (2)), the following inhomogeneous boundary condition,
can be imposed on the fermion field in the continuum theory. The three-dimensional fields, ρ(x) and ρ (x), act as the auxiliary source fields and considered as functional parameters of the partition function in the SF scheme. 16, 18, 64 The inhomogeneous boundary condition can not be imposed directly on the lattice fields in the bulk temporal region and it emerges after taking the continuum limit of the lattice theory provided that the lattice action contains proper couplings to the boundary fields ρ, ρ ,ρ,ρ . According to the method described in Ref. 38 , instead of adopting the inhomogeneous boundary condition (Eqs. (34) and (35)), we employ the homogeneous boundary condition (Eqs. (1) and (2)) and introduce the boundary quark fields directly by
in the continuum theory. A possible form for the boundary fermion fields on the lattice 38, 40 is where ψ(n) is the effective four-dimensional fermion field in the bulk temporal region and4 is a lattice unit vector in the temporal direction.
Including these boundary fields together with the fermion fields in the bulk time slices, various fermionic correlation functions (Wick contractions) are introduced to probe the system; ζ (n)ψ(m), ζ (n)ζ(m), ψ(n)ψ(m), . . . etc. For the PCAC relation, which will be described in the next subsection, the correlation function ψ(n)ζ(m) is used and Eq. (37) leads to
Now we discuss two possibilities for the renormalization on the surface time slices using the boundary fields. The boundary-bulk propagator, Eq. (38) , shows that the discrepancy in S(n, m)| m4=1 can be absorbed into the redefinition of the boundary fields through
with a constant Z ζ . 18, 63, 64 This normalization method has been adopted in Ref. 38 for the overlap fermion to recover the canonical normalization for the propagators that involve the boundary fields. One required condition for the renormalization via the boundary fields is the localization of the discrepancy at the boundaries. and the localization requires that the discrepancy should not depend on the global property of the system. As seen in Figure 6 , the discrepancy is a constant and does not depend on the presence of the background field, which shows the independence from the global property. Figure 8 (a) also supports the localization of the deficit near the boundary.
Another possibility to remedy this defect is to replace the boundary fermion fields (37) to the following extended boundary fields;
In this case the boundary-bulk correlation function becomes
by which we exclude the propagators S touching the time surface slices at n 4 = 1 and N T − 1. This is an explicit solution to remove the deficit that we encountered at the tree-level as far as the deficit is localized at the boundaries because the renormalization constant Z ζ is unity in this case. We will use these boundary to bulk propagators, Eqs. (38) and (41), in the next subsection for the O(a)-improvement via the PCAC relation.
Tuning on the boundary coefficient c SF
The boundary operator in Eq. (25) causes an O(a) error in the spectrum. Following Refs. 38, 39 and 40, we employed the PCAC relation to remove the error by tuning the boundary coefficient c SF .
In the continuum, the two-point correlation functions used for the PCAC relation are defined by
where T a is the generators of SU(N f ) flavor symmetry. The two-point functions with vanishing background field in the continuum theory at the tree-level become
where N c is the number of colors. The ratio at x 4 = T /2 and T = 2L with m = 0 then becomes
Using the lattice operator D q and the boundary fields Eq. (37) including the renormalization constant Z ζ via Eq. (39), the two-point functions on the lattice are given by
whereS(n 4 , m 4 ) is the zero-momentum projection of S(n, m) = (D q ) −1 (n, m). At the tree-level, we set U 4 (n) = 1.
The tuning on c SF is carried out by fitting f A (T /2)/f P (T /2) as a polynomial function of c SF and a/L and eliminating the O(a/L) term by tuning c SF . The boundary field renormalization Z ζ is not required in the ratio as it cancels out. We Table 2 . Optimal values for c SF . 
A 00 can be fixed to its continuum value using Eq. (48) when there is no background field. The optimal value of c SF is thus obtained by solving Table 2 shows the tuning results for several types of MDWF with the tuning performed without the background field. The quasi-optimal parameters used for b j + c j = w j , b j − c j = 1 (Optimal Shamir) and b j = c j = w j (Optimal Chiu) are listed in Table A1 in Appendix A.
To see the effect of the tuning on the c SF , we show the relative discrepancy of the ratio f A (n 4 )/f P (n 4 ) between the continuum theory and the lattice theory for the Boriçi domain wall fermion in Figure 9 . The left figure (9(a) ) is plotted with c SF = 1, while the right (9(b)) is plotted using the tuned parameter c SF = 0.312. In both cases, the discrepancy vanishes in the continuum limit (N S → ∞). This also shows that the surface field renormalization is simply a constant and does not affect the bulk region. The rate of the convergence is faster for the tuned case (right figure) . To see the convergence rate more explicitly, we plot the discrepancy at t = T /2 in Figure 10 as a function of 1/N 2 T = (a/T ) 2 . With the tuned coefficient, the convergence rate is O(a 2 ) (Fig. 10(b) ). We also observed a similar behavior for other types of the MDWF, including those with the quasi-optimal coefficients for (b j , c j ) from the Zolotarev approximation.
From the observations made in this section, we can conclude that the MDWF with the SF boundary term in Eq. (25) properly reproduces the continuum theory in the most bulk regions through the inclusion of the renormalization at the tree-level.
Using the boundary fields defined in Eq. (40) where the initial time slice of propagators is changed to n 4 = 2 from n 4 = 1 of Eqs. (49) and (50) . We find that c SF with Eqs. (53) and (54) is almost the same values as listed in Table 2 and the discrepancies are only in the last digit.
With Eq. (41), there is no the boundary renormalization as Z ζ = 1. We also perform the tuning of c SF using either f A (n 4 ) (53) or f P (n 4 ) (54), independently. This method also yields identical values for c SF to that obtained with fitting the ratio f A /f P .
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Fermionic contribution to the one-loop beta function
The renormalized coupling constant in the SF scheme g SF is defined by
where Z(η) is the partition function, and Ψ i and Ψ f are the initial (n 4 = 0) and final (n 4 = N T ) wave-functionals, respectively. The spatial gauge field at n 4 = 0 and n 4 = N T is fixed according to Eq. (28) by the delta wave-functionals contained in Ψ i and Ψ f , respectively. As seen in Eqs. (28) and (29), η parametrizes the SF boundary condition. S g is a lattice gauge action which has Eq. (27) as the classical solution, and S q is a fermion action. k is a normalization constant depending on the gauge action S g and is determined to satisfy g SF = g 0 at the tree-level. We employ the MDWF action defined in Eq. (8) with the opertor Eq. (24) for S q by introducing the five-dimensional fermion field Ψ together with the PauliVillars field Φ. Using the coupling expansion and the saddle-point approximation, the effective action Γ is expanded as
We focus on the fermionic contribution to Γ (1) . The one-loop contribution to g SF is parametrized as
where N f is the number of flavors included to tag the fermionic contribution p 1,1 . The one-loop coefficient, p 1,1 , can be evaluated via
where the summation on p is done using the discrete momenta
PV are the spatial momentum projection of D PV , respectively. The trace is over the color, spin, temporal lattice, and fifth-direction lattice indices, and the asymptotic form in a → 0 is expected to be
To validate our construction of the MDWFs for the SF scheme at the one-loop level, we check the following two required conditions: (i) s 0 should coincide with the one-loop beta function s 0 = 2b 0,1 = −1/(12π 2 ) −0.00844343 · · · ; (ii) r 0 should Table 4 .
reproduce the known universal relation of the running coupling constant between the SF and MS schemes. The terms r 1 and s 1 correspond to the O(a) discretization errors; whereas r 1 can be eliminated by c t , the coefficient of the temporal boundary term of the gauge action.
15, 17, 39, 40, 62 s 1 must be absorbed by the counter terms in the fermion action. When the lattice chiral symmetry in the bulk region is exact, the O(a) error is induced only by the temporal boundary effect. In this case, the error can be removed solely by c SF . At a small N 5 , where the lattice chiral symmetry in the bulk region is violated, another term similar to the clover term in the bulk region is necessary to remove the O(a) error of s 1 . Therefore, monitoring s 1 provides a test for chiral symmetry.
We numerically evaluated Eq. (60) with N S = N T using the parameters shown in Table 3 by varying the lattice sizes in steps of two over the given range. For the optimal type domain wall fermions, we used the quasi-optimal coefficients (b j , c j )
Construction of Lattice Möbius Domain Wall Fermions in the Schrödinger Functional Scheme 23 Table 4 . Best fit results of p 1,1 with Eq. (61) for each MDWF at N 5 = 8. shown in Table A1 in Appendix A. The approximation range was fixed to x ∈ [0.001 : 1.00] for the optimal Shamir domain wall fermion (b j +c j = w j , b j −c j = 1), and x ∈ [0.01 : 7.00] for the optimal Chiu domain wall fermion (b j = c j = w j ). As the largest lattice sizes for the optimal type MDWF's satisfy the approximation boundary conditions in Eqs. (31) and (32), the continuum limit could be taken safely without spoiling the signum function approximation. All numerically evaluated values for p 1,1 are tabulated in Appendix B.
We first validated the one-loop beta function s 0 by fitting p 1,1 as a function of 1/N S assuming the asymptotic form (61) including up to O((a/L)
2 ) terms. All r k and s k were taken as free parameters to validate the one-loop beta function s 0 . We varied the cut-off a/L = 1/N S of the fit range [0 : a/L] and the maximum order of the fitting function and investigated the stability on the fit result for s 0 to examine the consistency. Figure 11 shows the cut-off a/L dependence of p 1,1 + (1/12π
2 ) ln(L/a) with N 5 = 8 as an example of the fitting. The solid lines are the best fits obtained in the stability analysis and corresponding coefficients are listed in Table 4 , where functions including up to O(a/L) terms yields the best fit. As seen in the figure and values in the table, the optimal Chiu type (b j = c j = w j : crosses) and the optimal Shamir type (b j + c j = w j , b j − c j = 1: up-triangles) have large values for s 1 (O(a log(a) ) term), which indicates that these actions have a less stability on s 0 in the fit range analysis. We observed the stability in an asymptotic region, confirming that s 0 is consistent with the universal one-loop beta function within 10% accuracy with most of the tested MDWF actions, with the exception of the optimal Chiu type (b j = c j = w j ), for which the discrepancy with N 5 = 8 was 20%.
We believe that the discrepancy with the optimal Chiu domain wall fermion with N 5 = 8 can be explained as follows. We employed x ∈ [0.01 : 7.0] as the approximation range for the quasi-optimal coefficient b j for the overlap type kernel H W = γ 5 D W . The spectrum of this overlap kernel behaves as in Eq. (32), and limiting the largest lattice size to N S = 72. This case has a large O(a) error from explicit chiral symmetry breaking and, therefore, asymptotic behavior to extract the logarithmic cut-off dependence is not captured within the narrow fit range. To extend the fit range towards the asymptotic region in a/L → 0, it is necessary to decrease the lower limit of the approximation range. For the optimal Chiu MDWF cases with N 5 = 16 and 32, the effect of the explicit chiral symmetry breaking is suppressed, and therefore the logarithmic divergence is captured in the fit ranges we examined.
We then investigated r 0 in terms of the universal relation of the running coupling constants between the SF and MS schemes.
a The one-loop relation between the two schemes is known 17, 62 to be given by
where c 1,0 is the gluonic contribution 17 and c 1,1 is the fermionic contribution. 62 This relation is universal and independent of the regularization used in the SF scheme. We employ the lattice regularization with the MDWF in the SF scheme and employ the one-loop relation between the lattice bare coupling and the coupling renormalized with the SF scheme as in Eq. (59). To extract c 1,1 from r 0 , it is necessary to know the one-loop relation between the lattice bare coupling with the MDWF and the coupling renormalized with the MS scheme.
The MDWF action with b j + c j = w j , b j − c j = 1 (optimal Shamir domain wall fermion) is equivalent to the standard domain wall fermion action in the infinite size of N 5 . Therefore, r 0 is expected to have a common value between the lattice fermions at N 5 = ∞. The one-loop relation between the lattice bare coupling with the standard domain wall fermion at N 5 = ∞ and α MS was previously obtained in Ref. 65 ; by combining these results with the universal relation (62), we expect r 0 = 0.0010886(51) at am 0 = 1.0 and r 0 = −0.0026362(33) at am 0 = 1.5 in N 5 → ∞ for the optimal Shamir domain wall fermion.
Similarly, the optimal Chiu (b j = c j = w j ) and Boriçi (b j = c j = 1) DWFs at N 5 = ∞ are equivalent to the overlap fermion action, and r 0 is expected to have the same value as that derived from the overlap fermion. In Appendix C, we show the equivalence of p 1,1 between the MDWF theory of Eq. (8) We fit p 1,1 with Eq. (61) by fixing s 0 = −1/(12π 2 ) to extract r 0 . We excluded the optimal Chiu DWF with N 5 = 8 from the analysis, as we failed the validation on s 0 in the fit analysis without constraints. We employed three fit functions to a The value of r 0 itself depends on the lattice action and is not universal because it is computed with lattice regularization in the bare coupling expansion. We employ the universal relation of the running coupling constants between the SF and MS schemes to validate r 0 .
Construction of Lattice Möbius Domain Wall Fermions in the Schrödinger Functional Scheme 25 Table 5 . Fit results for r 0 with s 0 is fixed at −1/(12π 2 ). The values in the bottom row (N 5 = ∞) are estimated from the universal relation between the couplings in the SF and MS schemes, and the relation between the coupling in the MS scheme and lattice bare coupling scheme with the standard domain wall fermion at N 5 = ∞ and the overlap fermion. Table 6 . Fit results for s 1 . s 0 is fixed at −1/(12π 2 ) and r 0 are fixed at the universal values at N 5 = ∞.
0.0038 (9) estimate r 0 ,
where x = L/a. Table 5 shows the fit results for r 0 , in which the error is estimated from the stability on the fit results by varying the fit range and changing the fitting function. We confirm that the values of r 0 all agree with the expected values for sufficiently large N 5 . From these observations on s 0 and r 0 , we conclude that the MDWF with the boundary term in Eq. (25) actually satisfies the desired universality at N 5 = ∞. To validate r 0 at a small N 5 , an independent computation of the one-loop relation between the lattice bare coupling and the coupling in the MS scheme with the MDWF at the small N 5 is required as in Refs. 65, 66. We also investigated the effect of lattice chiral symmetry on the O(a) error and the O(a)-improvement through the adjustment of the boundary coefficient c SF . For this purpose, we evaluated r 1 and s 1 . After investigating r 1 and s 1 , the lattice artifact on the lattice step-scaling function 67 will be discussed. As mentioned previously, the O(a) error of r 1 is absorbed by the boundary counter term of the gauge action, 25, 40 while that of s 1 can be removed by the boundary coefficient c SF when Table 7 . Fit results for r 1 . s 0 is fixed at −1/(12π 2 ) and r 0 are at the universal values at N 5 = ∞. the lattice chiral symmetry in the bulk region is exact. We fit p 1,1 with
where s 0 and r 0 are fixed to the universal values to make the effect of the O(a)-improvement by c SF apparent. The error on s 1 was estimated in the same manner as that of r 0 . Table 6 shows the fit results for s 1 , which would be expected to be zero when N 5 is effectively infinite and c SF is properly tuned; as is seen, the values of s 1 are close to, but slightly deviating from, zero. This deviation can arise from a remaining explicit lattice chiral symmetry breaking at finite N 5 or a miss-tuning of c SF . To confirm the O(a)-improvement more precisely, more p 1,1 data at larger L/a will be needed to stabilize the fitting to the asymptotic form. Table 7 Table 6 , r 1 had large errors and could not be determined with the stability analysis. For other actions, r 1 could be determined with regardless of the constraint of s 1 = 0 though large uncertainty remains.
We investigated the lattice cut-off error of the step-scaling function 67 in the SF scheme. The step-scaling function σ(2, u) with the scaling factor 2 is defined by
The lattice version of the step-scaling function at a finite cut-off a is
The discretization error of the lattice step-scaling function is analyzed through
The perturbative expansion of the discretization error in terms of the coupling constant u becomes where the one-loop coefficient δ 1 (a/L) involves pure gauge part and fermionic part,
Using Eq. (59), the discretization error of the fermionic part is given by
The cut-off dependence of Eq. (75) can be parametrized via the asymptotic form of Eq. (61) . The terms with coefficients r 1 and s 1 in the asymptotic expansion correspond to the O(a) error of the step-scaling function, and terms with r 1 can be removed by absorbing it to c t . 15, 17, 39, 40, 62 We also investigated the O(a)-improved version of Eq. (75) defined by
for actions listed in Table 7 . To clarify the O(a)-improvement via c t , we use the symbol δ
1,1 (a/L) = δ 1,1 (a/L) for the unimproved version. Figure 12 shows the cut-off a/L dependence of δ Table 7 are used for r 1 . Although errors are significantly reduced by the O(a)-improvement in the region a/L < 1/10, errors in a/L > 1/10 are larger than that of Clover fermion (solid line, r 1 is removed) and Shamir type with m 0 = 1.0, N 5 = 16 (dot line) actions. It seems that the large errors in a/L > 1/10 are caused by the non-monotonic behaviors seen in the unimproved version.
Conclusion
We constructed the appropriate boundary operator for the MDWFs needed to define the SF scheme by extending Takeda's standard domain wall fermion formulation.
We investigated the effective four-dimensional operator derived from the MDWF at the tree-level and confirmed that its spectrum and propagator reproduce the continuum behavior in the continuum limit, except for the boundary surfaces, where the normalization of the propagator differs by a constant from that of the continuum theory.
We proposed two solutions to cure the deficit in the propagator. One solution is to absorb the discrepancy into the renormalization of the boundary fields defined in a form usually seen the literature. We found that the discrepancy is independent from the presence of the background field, which satisfies a required condition of the renormalization via the renormalization of the boundary fields at the tree-level.
Another solution is to define the boundary fields that are extended to two time slices in the bulk time region to avoid the surface time slices of the propagator. This works for f A and f P , and this is the solution to avoid the renormalization.
Using several parameter sets, we investigated the fermionic contribution of the MDWF to the one-loop beta function, p 1,1 , and were able to extract the one-loop beta function consistent with the universal value within a 10% difference for most of the sets. The one exception was the case with the optimal Chiu domain wall fermion with N 5 = 8, which produced a 20% deviation from the universal one-loop beta function. We also examined the universal relation of the couplings between the SF and MS and found that the cases with sufficiently larger N 5 were consistent with the known values from the standard domain wall and overlap fermions. To validate the universality of the coupling relation between the SF and MS schemes with the MDWF at smaller N 5 , another validation using the relation between the MS and bare lattice couplings with the MDWF will be required. We also investigated the lattice artifact of the lattice step-scaling function at the one-loop level, and found that the size of the lattice artifact is comparable to that of the standard domain wall fermion.
Based on these results, we can conclude that the boundary operator we introduced is one of the realizations of the SF scheme for the Möbius domain wall fermions, at least at larger N 5 or N 5 = ∞.
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Construction of Lattice Möbius Domain Wall Fermions in the Schrödinger Functional Scheme 31 In this appendix, we provide tables for the numerical values of p 1,1 . Appendix C. Equivalence of the fermionic contribution p 1,1 between the five-dimensional operator and the effective four-dimensional operator
In this appendix, we prove the equivalence of p 1,1 constructed with the MDWF and with the effective four-dimensional operators.
With the MDWF operator in the five-dimensional lattice, the fermionic contribution p 1,1 is defined by
The trace is taken on the five-dimensional lattice sites, color, and spinor indices. Eq. (60) is the momentum space representation of Eq. (C.1). In this appendix, we omit the superscript N 5 and substitute η = 0 after the differentiation by η for simplicity. where P P T = 1 is used. After some matrix algebra in the five-dimensional notation, we obtain Thus, we have proved p 1,1 = p eff 1,1 . We also note that 12) holds even with the SF boundary term.
